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Abstract-In this study, a non-conventional approach is used for the solution of radiative heat-transfer 
equations through absorbing, emitting and scattering media. An expression has been developed herein, for 
the effective absorptivity of a layer of the medium which includes the effect of absorption, emission and 
scattering. This new “effective absorptivity in the presence of scattering” can be used to evaluate the radiative 
heat transfer between two surfaces with an intervening flowing or stationary medium. In this study, this 
expression is used in the evaluation of radiative heat transfer in turbulent boundary layer flows over a flat 
plate. The radiative heat-transfer results calculated by the method developed in this study are compared with 
the results calculated by conventional methods. It is seen that the method, developed herein, is accurate as 

well as faster than present techniques and thus saves considerable computer time 

NOMENCLATURE 

a tabulated coefficient dependent 
on the particle size parameter and 
refractive index; 
defined in equation (11) ; 
defined in equation (12) ; 
diameter of spherical particles ; 
black body emissive power ; 
Nth order exponential integral function; 
defined in equation (A.2); 
enthalpy ; 
radiation intensity; 
coefficient defined by KZ = a(a + 2p); 
coefficient defined in equation (3); 
real part of the complex refractive index 
fi(l -ix); 
pressure; 
effective Prandtl number ; 
Nth order Legendre polynomial; 
radiative heat flux ; 
volumetric density of spontaneous ra- 
diation ; 
scattering function ; 
x-component of velocity; 
y-component of velocity; * 
particle size parameter. 

Greek symbols 

a, absorption coefficient ; 

63 extinction coefficient; 

Y, scattering coefficient; 
6, coefficient defined in equation (4); 

P? cosine of the angle between the direction 
of propagation and the x-axis ; 
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Peff, effective viscosity; 

0, solid angle ; 

P, density ; 
2, optical coordinate; 

TOY optical thickness. 

Subscripts 

1, monochromatic or wavelength dependent 
property ; 

5 pertaining to location x ; 

w, pertaining to wall; 

a, pertaining to freestream. 

INTRODUCTION 

A NUMBER of engineering problems involve the pre- 
diction of the radiative heat transfer through a medium 
which emits, absorbs, and scatters. Some of the 
important examples are radiative energy transfer 
through the medium of the boundary layer of a high 
speed vehicle (containing particles of ablative ma- 
terial), luminous flames, pulverized coal flames and 
rocket exhausts. 

Chandrasekhar [l] gives a comprehensive dis- 
cussion of the formulation of the equation of radiative 
heat transfer. Love [2] has also given a good dis- 
cussion on handling the problem of scattering by 
suspended particles. One thing is evident; the presence 
of scattering in a medium considerably complicates the 
already complicated problem of radiative transfer. 
Many investigators, therefore, have neglected scatter- 
ing in order to simplify the analysis. However, some 
investigators have included the effect of scattering in 
addition to absorption and emission. Notable among 
them is the work of Love and his associates C2-43. 
Others who have done theoretical work of consider- 
able importance are Beach et al. [5], Boles et al. [6], 
and Shahrokhi and Wolf [7]. Sanders and Lenoir [8] 
and Nagy and Lenoir [9] studied experimentally the 
radiative transfer through particles of aluminum oxide 
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and graphite suspended in carbon tetrachloride. Hot- 
tel et al. [lo] studied the bidirectional reflectance and 
transmittance of monodispersed polystyrene spheres 
and correlated the results with theory. 

An excellent review of the differential methods of 
radiative transfer has been reported by Adrianov [ 1 I]. 
An analytical method for determination of the angular 
emission coefficients has been suggested by Surinov 
and Kobyshev [12]. Some other works reported in the 
Soviet literature on the radiative heat transfer are 
Kaganer [13], Adrianov [14], and Blokh [15]. Ad- 
rianov [14] suggested a method in which the effect of 
scattering and absorption by the particles suspended 
in an absorbing, emitting and scattering medium can 
be represented by a function called the effective 
absorptivity of a gas layer in the presence of scattering. 
In that paper, an example of radiation between two 
parallel plates at constant temperature was considered 
based on the following assumptions: 
I. The medium intervening between the two surfaces 

absorbs and scatters but does not emit. 
2. The medium is isothermal. 
3. Characteristic scattering curves are axisymmetrical. 

In the present study, the method of Adrianov has 
been developed further to include emission in the 
medium in addition to absorption and scattering. The 
method has been extended to account for variable 
temperature in the medium using a finite difference 
technique and a new effective absorptivity is defined 
and developed. This new absorptivity is given the 
name “effective absorptivity in the presence of scatter- 
ing”. Once this new effective absorptivity of the 
medium, which includes the effect of absorption, 
scattering and emission, is found, the problem of 
radiative exchange between the two surfaces is sim- 
plified. This method is applicable to the problem of 
radiative heat transfer between two surfaces with an 
intervening flowing or stationary medium. An ex- 
pression for this effective absorptivity for the absorb- 
ing, emitting and scattering medium between two 
surfaces has been developed herein. This expression is 
used, in this study, in the evaluation of radiative heat 
transfer in turbulent boundary-layer flows over a flat 
plate, the equations for which are given in the Appen- 
dix. The boundary layer is divided into sublayers and 
effective absorptivity for each layer is calculated 
separately, and this is used to calculate the radiative 
heat transfer in the layer. For the solution of the 
boundary-layer equations, the Patankar and Spalding 
[21] technique, a finite-difference technique for the 
solution of the turbulent boundary layer equations, is 
used. 

The radiative heat-transfer results calculated by the 
method developed in this study are compared with the 
results calculated by a conventional method, the 
equations for which are given in the Appendix. While 
there is not much difference in the calculations of the 
radiative heat transfer, the present method performs 
those calculations in considerably less time. It is seen 
that the saving in computer time is as much as 15% 
when the calculations are carried out up to a distance 

of l.Oft from the leading edge of the flat plate. 
Furthermore, the method can be incorporated easily 
into analysis techniques [17-191, where scattering has 
previously been neglected to avoid complicated ana- 
lysis. Therefore, this method should prove to be very 
useful to investigators for including scattering by 
suspended particles into their analysis. 

THEORETICAL DEVELOPMENT 

Adrianov [4] showed that in a case of radiative heat 
transfer between two walls at constant temperatures 
and with an isothermal medium of 
absorbing-scattering gas, the problem is simplified by 
finding an absorptivity of the layer which takes into 
account the effect of scattering. In this study, this 
method has been extended to include a more general 
case of radiative heat transfer. The first generalization 
is that the gas is assumed to be emitting in addition to 
absorbing and scattering. Secondly, it is felt that there 
is no need to assume the gas to be at constant 
temperature throughout its section. 

El - 

FIG. 1 

E2 r / 

Consider a case of radiative heat transfer between 
two infinite parallel plates with an intervening medium 
of an absorbing, emitting and scattering gas. Consider 
a thin layer of the gas in the medium. Assume the 
radiant heat flux vector to be in the form of a difference 
of two fluxes in the X-direction flowing head on into 
one another. 

The differential equations for the head on fluxes El+ 
and El_ can be written as (two flux approximation) 

dE,+ 
- = -(%.+~,+Y,h+E,+ 

dx 

and 

dEl_ 
___ = (a,+G,_y&n_E,_ 

dx 

-G,+y,m,+E,+ + ;. (lb) 

Here the subscripts (+ ) and ( - ) denote the positive 
and negative directions along the x-axis (Fig. 1) and 

E,, = r 1s dw 
J 2z + 

EL_ = r Isdo (2b) 
Jzn. 
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RA = Spectral volumetric density of spontaneous ra- while the coefficients aA+ and dA_ for the axisymmetri- 
diation cal characteristic curves of arbitrary shape are also 

= 4u,eb, 

and 

found to be equal to one another and are determined 
from the following 

61, = 6,. = ha= & s s + dw Sk, 1.4 dw’. 
2= 2= - 

ma_ = J2n- 

s Zh, X)P dw 
2x - 

r r 

(3b) El+ =G 1 -2 e2KAx 
( 1 

6 

A+ 

_ J2n_ do )2x+ ZaW,xMw’)d~’ 
4ZC: 

4n 
s 

(4 ) 

a 

Z&‘,x)dco’ E I_ e2Kix 

2” + 

Here we shall use the coefficients mb and 6, for the 
above case in order to simplify the analysis. 

Solving (la) and (lb), E,, and .E,_ come out to be: 

s s dw Z&J’, x)W, N) da’ 
&,_ = 2=+ :“- (4b) 

4n 
J 

ZIW,x)dw’ where 
2n 

Kt = an(ai+ 26,yJ. 

If I, is isotropic within the limits of the hemispheri- 
cal angle m, + and m,_ turn out to be equal [l l] Boundary conditions for the layer are 

m,+ =m,_=m,=2 E .i+ = E+n,, and E,_ = Elx2 
X=X, .X=x* 

Substituting in (5) and (6) we get A and B 

A= 

B= 

( ) 

1 + K, e-2Km 

a.4 

Transmissivity of the layer from x 1 to x2 : 

where 

A,= 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 
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and 

Reflectivity “R” of the layer: 

(11) 

(12) 

Absorptivity “Ap” = 1 -D-R 

Equation (13) is the expression for absorptivity which 
includes the effect of scattering. Absorption coefficients 
calculated by this method are used in the calculation of 
the heat radiation term of the Appendix given below 

+2 e,,(t)&,(l2,-tl)dt_4e,,(T,) 

where 

s 

1 

E,(t) = p”-2e-“u dp. 
0 

Keeping in mind that 

Absorptivity = 1 - e-a~(lx~-xl 1) 

‘, ,& = 1 _e-u,~l~2-~ll) (14) 

a,,, thus calculated is the coefficient which takes into 
account the effect of scattering also. 

It should be noted that the equation for dQ,Jdr, 
above is for an absorbing and emitting medium. 
Substituting the coefficient clisC calculated from (13) 
and (14) for the regular absorption coefficient ai, this 
equation will calculate the radiation transfer for an 
absorbing, emitting and scattering medium. 

TV, in the equation is 

The Appendix gives the equations for the boundary- 
layer flow over a flat plate. Using the heat radiation 
term in these equations as described above, one can get 
the solution of the boundary-layer flow of an absorb- 
ing, emitting and scattering medium over a flat plate. 
The solution technique of Patankar and Spalding [21] 
is used for the boundary-layer equations. The boun- 
dary layer is divided into sublayers for the finite- 
difference solution of the boundary-layer equations. 
Each layer is considered isothermal for the calculation 
of its absorptivity while temperature of one layer may 
be different from the next. Thus in the above method in 
the positive x-direction E c,, for the first layer is equal 
to E ix, for the second layer and so on. 

RESULTS 

The numerical solution technique of Patankar and 
Spalding [ 191 was used for the boundary-layer equa- 
tions given in the Appendix, which are for turbulent 
flow over a flat plate. The thermal radiation term in 
these equations was calculated by two different me- 
thods and separate subroutines were written for both 
methods in the computer program. In Method I, the 
equations given in the Appendix were used. The 
second computer program was written for the present 
method (Method II), explained in the Theoretical 
Development. The boundary layer was divided into 
sublayers. In order to find the number of sublayers 
needed to get a reasonably true picture of the medium, 
the differences in the temperatures of each layer from 
the preceding layer were found as percentage of the 
temperature of the preceding layer. It was found that in 
order to have the temperature differences up to and 
below 2%, 17 sublayers are needed. Twenty-three 
sublayers of the boundary layer were required in order 
to have the temperature difference*up to and below 
1.5% except at the layer closest to the wall where the 
difference was less than 1.6%. Also 36 sublayers of the 
boundary layer were required in order to have the 
temperature differences below 1.0% except in the layers 
closest to the wall. It was decided, for the purpose of 
this analysis, to divide the boundary layer into 30 
sublayers. In this case the temperature differences 
between adjacent layers were below 1.15% except for 
the layers closest to the wall. 

Figures 2 and 3 show a comparison of the results 
calculated by equations in the Appendix (Method I) 
with the results obtained by Love et al. [3]. This is 
done to establish the correctness of the radiative heat- 
transfer calculations by Method I, so that later the 
results of calculations by Method II may be compared 
with those of Method I with suitable boundary 
conditions. Figure 2 shows that for T, = lWR, 
Method I shows QR/QW to be smaller than that 
calculated by Love et al. [3], the difference being more 
near the leading edge. But Figure 3 shows that Method 
I calculates the total heat transfer to the wall to be 
more than that calculated by Love et nl. [3], the 
difference being more near the leading edge. This 
suggests that the difference is in the calculations of Q W 
rather than QR. Analysis of Figs. 2 and 3 support this 
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T,., =500°R 

Wall reflectance=0.5 
Particle density=O.I lb/ft3 

Particle refractive index = 1.25 (I-I) 

u,=500 ft/s 

--- Love eruL[3] 

- Method I 

I I 1 I 01 I I I I I 
0.2 0.4 0.6 0.8 0.1 0.2 0.3 0.4 05 

x, ft x, ft 

Distance from the leading edge Distance from the leading edge 

FIG. 2. Ratio of the radiative heat transfer with respect to the 
convective heat transfer at the surface of the plate vs distance 

from the leading edge of the plate. 

T,=500°R 
Wall reflectance=05 

Particle density =O. I lb/ft3 

Particle refractive index = 1.25 (l-1) 

u, =500ft/s 

--__ 
g I.O- ---_ ----__ 

9 
;: 0.5 
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t 

---Love etd [3] 
2 -Method I 

0.1 L I I I I I 
0.2 0.4 0.6 0.6 1.0 

x, ft 

Distance from the leading edge 

FIG. 3. Total heat transfer at the surface vs the distance from 
the leading edge of the flat plate. 

observation. For example, at x = 0.2 ft the difference in 
QR is only 1.5% while at x = 0.5 ft it is 8% and at x 
= 0.7 ft it is 1.4%. However, no generalizations can be 
drawn from this case study. 

Figure 4 shows a comparison of QR at the wall, 
calculated by Method I and that calculated by Method 
II. The comparison is quite good. Figure 5 shows that 
there is a considerable reduction in costly computer 
time by Method II. For example, if the integration of 
the boundary layer equations is done up to 1 ft from 
the leading edge, there is a saving of over 1 min and 
25 s. Therefore, Method II, while being accurate, is also 
faster. It can be easily incorporated into the heat 
radiation analyses which use absorptivity or absor- 
ption coefficient and where scattering has previously 
been neglected because of complex analysis [17-193. 

Method I 

Method II 

$ 
‘t 
i3 

p 0.3 - 

f 
u,= 500 ft/s 

S Tw = 500 OR 

5 0.2 - T, : IOOOOR 

,& Particle density -0.1 lb/ft3 

4 Particle refractive index = 1.25 (I-1) ._ 
5 O.l- 
B 
a 

FIG. 4. Radiative heat transfer at the surface vs distance from 
the leading edge of the plate. 

u,= 500 ft /s 

T,,=500”R 

T,=IOOO’=R 

I I 1 I I 
0 0.2 0.4 0.6 0.8 

x. ft 
Distance from the leading edge 

FIG. 5. Computer time used for the solution of equations vs 
distance from the leading edge of the flat plate. 
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APPENDIX 
The equations for turbulent boundary layer are: 
Continuity: 

x-momentum : 
au 

p"i?,+ ; =; (kg) 

(A.2) 

< -x 
FIG. Al. 

. 

dx 1; 

Energy : 
FIG. A2. 

+&tr(J -&)ig) - Dive, (A.3) 

where u, p and H are the time averaged values of the 
fluctuating turbulent quantities. pert and PrLlp are called 
“effective” transport properties and take into account the 
turbulent and the laminar contributions to shear and heat- 
flux respectively. These are solved by Patankar and Spading 
technique with the source-term for the energy equation for 
one dimensional heat transfer for an absorbing and emiting 
medium given by 

s I a 

Div Qs = o av (Q,u)dl. (A.4) 

Q sl, as given by Sparrow and Cess [14] for an absorbing, 
emitting and scattering medium is 

Q&d = 271 If(O,p)e-‘“‘Pdy 

e&-ri)dt (A.5) 

and 

s I 

I:(O,p)emrdpddp 
0 

I 
sI(ltl-tl)dt 

where 

/l=coso, Ti= 
s 

x Bidx 
0 

2” 
G, = 

ss 

1 
I;($, #)S(P, 9 ; $3 4’) d$ d+’ 

0 -1 

(‘4.6) 
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S(p, #J ; p’, (b’) is the scattering function. The scattering func- 
tion was obtained from Love [Z] for Mie scattering, where it 
is represented as 

ll=m 

where Pn are the Legendre Polynomials and a,, are the 
coefficients listed in the tables of Chu et al. [20] for different 
values of the particle size parameter “2” and refractive index. 

Scattering function represented this way is the axially sym- 
metric scattering function. Love and Beattie [4] have pre- 
sented some measurements and have shown that the assum- 
ption of axially symmetric function is reasonable for random 
orientation of the particles. 

The extinction and scattering functions are taken from 
Chromey [22] for values of Z and complex refractive index. 
The absorption coefficients for the host gases are taken from 
Elliot [ 173, who has represented them as three band approxi- 
mation. 

ANALYSE DU TRANSFERT THERMIQUE PAR RAYONNEMENT EN 
UTILISANT UNE ABSORPTIVITE EFFECTIVE POUR L’ABSORPTION, 

L’EMISSION ET LA DIFFUSION 

Resume-On utilise dans cette etude une approche non conventionnelle pour rtsoudre les equations du 
transfert thermique par rayonnement, a travers un milieu absorbant, tmetteur et diffusant. On diveloppe 
une expression de l’absorptivitt effective dune couche de ce milieu, en incluant l’effet de l’absorption, de 
T&mission et de la diffusion. Cette nouvelle “absorptivite effective en presence de diffusion” peut 6tre 
utiliste pour &valuer le transfert thermique par rayonnement entre deux surfaces avec un milieu 
immobile ou en Ccoulement. Dans cette etude, cette expression permet I’evaluation du transfert dam 
une couche limite turbulente sur plaque plane. Le transfert thermique par rayonnement calcule par la 
methode d&rite est compare avec celui calcult par les mtthodes conventionnelles. On montre que la 

methode dtveloppte ici est aussi precise mais plus rapide que les techniques actuelles et qu’elle Cconomise 
un temps considerable de calcul sur ordinateur. 

UNTERSUCHUNG DES STRAHLUNGSWARMEAUSTAUSCHES MIT 
HILFE EINER EFFEKTIVEN ABSORPTIONSZAHL FOR ABSORPTION, 

EMISSION UND STREUUNG 

Zusammenfassung-Zur Losung der Strahlungs-Warmeaustausch-Gleichungen bei absorbierenden, em- 
ittierenden und streuenden Medien wird ein unkonventioneller Ansatz verwendet. Dabei wird eine effektive 
Absorptionszahl eingeftihrt, welche Absorption, Emission und Streuung beinhaltet. Diese neuep“effektive 
Absorptionszahl mit Beriicksichtigung der Streuung” kann dazu verwendet werden, den Strahlungswar- 
meaustausch zwischen zwei FIPchen, zwischen denen sich ein strdmendes oder ruhendes Medium befindet, 
zu berechnen. Der Ausdruck wird in dieser Arbeit dazu benutzt, den Strahlungswlrmeaustausch in 
turbulenten Grenzschichtstromungen tiber einer ebenen Platte zu ermitteln. Die auf diese Weise ermittelten 
Ergebnisse werden mit den mit konventionellen Methoden berechneten Werten verglichen. Die hier 
vorgeschlagene Methode ist ebenso genau und fiihrt schneller zum Ziel, so daD betrlchtliche Einsparungen 

an Rechenzeit errniiglicht werden. 

AHAJIH3 JIYYHCTOFO TEI-IJIOI-IEPEHOCA C IlOMOIIJbIO 3@QEKTHBHOl-0 
KOX@WLJklEHTA I-IOFJIOIIIEHHR JJJDI I-IOFJIOIIIAIOIIIHX, M3JIYSAIOI4HX 

H PACCEMBAIOI.IIMX CPEA 

Amsorasnur - ,&nr pemeHsin ypaaHeHnI nywic~oro neperioca Tenna vepes nornomarormie, awry- 

sat0unie n paccemsaromsie cpeAbr ricnonb3yeTcr HecTaHnapTHbt# noAx0~. BbIueAeHO BbtpturceHsie 
AAK 3@eKTHBHOrO KO3@HUneHTa nOrnOmeHHII CAOR CpeAbI, y’tnTblBalomW. 3@eKTbI nOrAO- 

meHmr, n3n~erina ri pacceriuarrsnr. 3T0T HoabUt wt@&eKTHaHbrtt Ko3@&nnfeHT nornoqennz npn 
HaJm’tHH paCCeItBaHnn)> MOlKeT 6bITb HCnOAb30BaH AJtK paCYeTa JlyYHCTOrO TenAOnepeHOCa MelKAy 

AB)‘MK ITO~pXHOCTnMn npK HaAH’tHH MeIKAy HHMH TeKy’teti HJIH nOKOKI.Ue#CK CpeAbI. B AaHHOM 
sicuteAouansnt nonylreHn0e ebrpa~emie Kcnonb3yeTcK Ann 0UeHKH AyWiCTOrO TennooGbreHa B Typ- 

6yAeHTHOM norpariuwobr cnoe Ha rmoc~oti rmacTHtie. Pe3ynbTaTbt no nywicrohly nepeHocy Tenna, 

nonygerntbte c nOMOLUbb3 3Toro MeTOAa, CpaBHHBaloTCK c AaHHblMH, nonyKeHHbrbrn no o6menpmrn- 
~0ft MeTourrKe. BHAHO, 4~0 no cpauHenmo c Cyme~T~ymmsi~H MeToAaMri pa3pa60TaHHbrfi MeToA 

KunneTcn TO’tHblM H n03uonKeT yCKOpHTb pacwrbr Ha IBM. 


